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Plan for next 5 Weeks isec.tugraz.at M

Intro to Temporal Logics: CTL*, LTL, CTL
CTL Model Checking - Part 1

MC for timed properties - Florian

CTL Model Checking - Part 2

LTL Model Checking

o & e

= Next: Model Checking of Probabilistic Systems
(Stefan’s Part)




Plan for Today isec.tugraz.at M

= Motivating Example
* Informal Explanation of Syntax and Semantics

= CTL™

= Syntax
= Semantics

= Sublogics: CTL, LTL

Please interrupt at any time!

Bettina Konighofer



Warm Up - Model Sentences in Propositional Logic isec.tugraz.at M

= “If a sentence has a truth value and is not a question, then it is a declarative
sentence.”
" t...asentence has atruth value
" g ...asentenceis aquestion
" d ...asentenceis adeclarative sentence
“(tAhqg) > d

= “If two integers are either both odd or both even, then their sum is even.”
" 0...two integers are both odd
" ¢ ...two integers are both even
» 5...the sum of the integers is even

*(0Pe)—>s @




Properties of Kripke Structures isec.tugraz.at

= For any run, itis always the case that if the robot visits A, then it visits C
within the next two steps.

* There exists an run, in which the robot always visits C within the next
two steps after visiting

" For detailed modelling, we need:
* temporal operators, and
= path quantifiers.




Temporal Operators isec.tugraz.at

* Temporal operators
= Describe properties along a given path/execution

= AP: a set of atomic propositions, p € AP

= Next: Xp O - O O 0 0 ©
= Globally: Gp ® @ @ - © o o
O @ O O O O

= Eventually: Fp <




Path Quantifiers isec.tugraz.at

= For all paths: Ay
* There exists a path: Eg




Properties of Kripke Structures

* For any run, it is always the case
that if the robot visits

)

then it visits C within the next two steps.

"AG(a - XcV XXc)

= There exists arun, itis always the case
that if the robot visits

)

then it visits C within the next two steps.

"EFG(a - XcV XXc)

isec.tugraz.at H

Temporal Operators
X... next

G... globally

F... eventually

Path quantifiers
A for all paths
E there exists a path




Properties of Kripke Structures isec.tugraz.at M

Temporal Operators
X... next
= For any execution, it holds that g g'Obat“y !

the robot never visits X. .- eventually

Path quantifiers
"AG(—x) A for all paths

E there exists a path

* There exists an execution, in which
it holds that the robot never visits X.

s EF G (—l.X')




Properties of Kripke Structures

* There exists an execution in which
it holds that the robot visits A infinitely
often and C infinitely often.

"E(GF aNGF c)

= For any execution it holds that if the
robot visits A infinitely often then
C is visited only finitely often.

"A(GF a - FG-c)

isec.tugraz.at H

Temporal Operators
X... next

G... globally

F... eventually

Path quantifiers
A for all paths
E there exists a path




Plan for Today isec.tugraz.at M

= Motivating Example
» Informal Explanation of Syntax and Semantics

= CTL™
= Syntax
= Semantics

" Sublogics: CTL, LTL

Bettina Konighofer



Computation Tree Logic - CTL* isec.tugraz.at

= Defines properties of Computation Trees of Kripke structures.

= Computation Tree
= Shows all possible executions starting form initial state.
= All branches of the tree are infinite.

| !
Kripke structure M ‘@ @ Unwindtin§ 0f1l4 into
@ Q computation tree

4 A n n
4 .+ 1 N




CTL* - Path Quantifiers sectugraz.at W

" Infinite path Tt = s,, 54, ...with
" 5, iIsaninitial state, and
= foralli >0, (s;,s;41) € R.

= Path quantifiers: A@, E@
= They specify that all paths or some paths starting from a state s have property @.

l l

Kripke structure M @ @
2Nl RO
mRORe




Temporal Operators isec.tugraz.at

* Temporal operators
= Describe properties along a given path/execution

= AP: a set of atomic propositions, p,q € AP

" Next: Xp O @ O O 0O 0 O
"Globally: Gp @ @ @ -@ - 0 o o
" Eventually: Fp O O @ O 0o 0 o©
= Until.: pUq @ @ @ O » 0 0 0O

pUq holds if there is a state on 7 where g holds,
and at every preceding state on 7 (if it exists), p holds.




Temporal Operators

* Temporal operators
= Describe properties along a given path/execution

= AP: a set of atomic propositions, p,q € AP

= Next: Xp
= Globally: Gp
= Eventually: Fp
= Until: pUq
= Release: pRq
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PRq ... “preleases q”: g hasto hold until p holds.

However, p is not required to hold eventually.



State and Path Formulas isec.tugraz.at

= Two types of formulas:

= State formulas ...true in a specific state
= Path formulas ...true along a specific path

= CTL* formulas are the set of all state formulas

= Path Formulas:
=E.g..mq E Gb since b holds at every state along 14

"E.g.:mm, ¥ Gb since b does not hold at
every state along nz
LS ( 2




State and Path Formulas isec.tugraz.at

= Two types of formulas:

= State formulas ...true in a specific state
= Path formulas ...true along a specific path

= CTL* formulas are the set of all state formulas

= State Formulas:
"so = EGb since thereis apath from sy that satisfies Gb

"so ¥ AGDb since not all paths from sy satisfy Gb
m ( 2




Informal Semantics of State and Path Formulas isec.tugraz.at M

= Does s, satisfy the following formula?
s, E EXX(aAb)

=s, i EXAX (a A b)

4, A%




Syntax of CTL* isec.tugraz.at M

= CTL* formulas are the set of all state formulas

= Inductive definition of state formulas:

" |fp € AP, then p is a state formula
= If f; and f, are state formulas, so are —f;, fiVvf,, and fiAf5.
=" If g is a path formula, then Eg, Ag are state formulas

* Inductive definition of path formulas:
= |If f is a state formula, then f is also a path formula.
"If g,, g, are path formulas, then =g, g1 V 92,91 N 9o,

Xg,, Gg, Fg,, 9.Ug,, 9:R g,
are path formulas.




Semantics of CTL* - Notation isec.tugraz.at M

= Kripke Structure M = (S5,S,, R, AP, L)
"T = S1,52,S83 ... infinite path in M
= 7' = §;,5;41,5;12 ... suffixofmstarting at s,

= For state formulas:

*M,s & [ ...the state formula f
holds in state s of M

!
= For path formulas. @
"M, = g ...the path formula g T T
holds along win M ! @ QC;




Semantics of CTL* isec.tugraz.at M

" Let g4 and g, be path formulas and f; and f, be state formulas
* = isinductively defined via the structure of the formula

= State formulas:
"M,s Ep <peL(s)forpe AP
"M,s EE g, < thereisapath 7 fromsst. M z7E g4
*M,s EAg, < foreverypath 7 fromss.t. M, 7= g4
= Boolean combination (A, v, —) - the usual semantics




Semantics of CTL* isec.tugraz.at M

" Let g4 and g, be path formulas and f; and f, be state formulas
* = isinductively defined via the structure of the formula

= Path formulas

"M, E [, <> M,sy Efiand = sy, 51,59,53
"M z=Xg,4 S Mt Eg,

M 7EG g, o foreveryi>0: M’ = g,

M r=Fg, o thereexists k> 0: Myt E g4

"M r=g,Ug, <thereexistsk>0: Mn"E g,
and forevery 0 <j < k: M1/ E g4




Semantics of CTL* isec.tugraz.at M

" Let g4 and g, be path formulas and f; and f, be state formulas

* = isinductively defined via the structure of the formula




Properties of CTL* isec.tugraz.at M

* The operators v, —, X, U, E are sufficient to express any CTL* formula
= Your task:
= Rewrite the following formulas using v, —, X, U, E

1 finfa = —=(=f1v—fz)

2. Fgq = trueU g,

3 G g1 = — F_Igl Until: pUg @ @ @ O
Release: pRqg @ @ X 4 O

4. A fl = — E —|f1

5 giRg, = —(9,U(g1192))VGyg,




Negation Normal Form (NNF) isec.tugraz.at M

= Formulas in NNF are formulas in which negations are applied only to
atomic propositions

= Every CTL* formula is equivalent to a CTL* formula in NNF
= Negations can be “pushed” inwards.

._IEf EA_If
.—leE F_If

.—|XfE X_If




Example 1/5: Semantics of CTL* isec.tugraz.at M

"DoesM =EEXporME-EXDp?

l ,
i ‘ ) Solution:
M=EXp
OO




isec.tugraz.at H

Example 2/5: Semantics of CTL*

"DoesM =EEXporME—-EXp?

| Neither

50 ‘ s1 Such a situation never
happens when M has

a single initial state.




Example 3/5: Semantics of CTL* isec.tugraz.at M

"Givena,b € AP
What does a path satisfying F(a U b) need to satisfy?

F(ClUb) - O @ O » O O O




Example 4/5: Semantics of CTL* isec.tugraz.at

=Given p € AP, what is the meaning of the following formulas?

"1t = GFp Infinitely often p along
"1t = FGp  Finitely often —p along i




Example 5/5: Semantics of CTL* isec.tugraz.at M

=Given p € AP, what is the meaning of the following formulas?

"1 = EGF p There exists a path that satisfies p infinitely often

"1 = EG EFp Thereexistsa pathinwhich itis possible
to reach p from any state




Plan for Today isec.tugraz.at M

= Sublogics: CTL, LTL




Sublogics of CTL* isec.tugraz.at M

= CTL and LTL are the two most used sub-logics of CTL*

= Restriction on allowed combination of
temporal operators and path quantifiers

= CTL* allows any combination of temporal operators and path quantifiers.

G(¢:— F ¢,)

or resp.

AG(¢; — AF ¢,)




Linear Temporal Logic (LTL) isec.tugraz.at

- Formulas have only one, outermost universal quantification
- Typically in LTL, the path quantifier is omitted.

= Examples:
"GF @
"G(p = Fy)
"G(p - XXX Y)




LTL - Syntax isec.tugraz.at M

= LTL is the set of all state formulas as defined below.

= State formulas
= Ag where g is a path formula

= Path formulas
=p € AP

" g1, 91V 92, 91NG2, Xg1, Gg1, 91Ugz, g1Rg
where g;and g, are path formulas




Computation Tree (CTL) isec.tugraz.at M

= Examples:

"E(pUy)
* EF () A EGY
" AF AG ¢ ...




CTL - Syntax isec.tugraz.at M

= CTL is the set of all state formulas as defined below.

= State formulas
=p €EAP

"=fi, iV, NS
" AXf1, AGf,, A(f1Uf2), A(f1iRf>)
" EXf1, EGfy, E(f1Uf2), E(fiRf>)

where f;and f, are path formulas




LT L/CT L/CT L* isec.tugraz.at H

LTL

GF¢,— F ¢,

G(¢,—~ F ¢,)

or resp.
AG(¢, — AF ¢,)

Implicit A
quantifier
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ﬂ‘%&;fé;
ANY é

QUESTIONS&
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