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Temporal Logic

Used to specify the dyamic behavior of systems.

E.g., Atemporal logic formula can express that...
= _..aproperty has to hold in the next time step.

= ...a property has to hold always.

= ...a property has to hold eventually.

MC Question

= Does the model of the system satisfy a temporal logic formula?

System model

= Kripke structure (today)
= |/O Automaton
= Markov Decision Process / Stochastic Multiplayer Game, ....
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Plans for the Next 4 Weeks

= Topic: Model Checking of Temporal Logic Formulas

Intro to Temporal Logics: CTL*, LTL, CTL
CTL Model Checking — Part 1

CTL Model Checking — Part 2

LTL Model Checking

e

= Next: Model Checking of Probabilistic Systems
(Stefan’s Part)

re rrect System:



Plan for Today

Motivating Example

CTL*
» Informal Explanation of Syntax and Semantics

= Syntax
= Semantics
Sublogics: CTL, LTL
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Warm Up 4 KM i

Model sentences in propositional logic.

 “If a sentence as a truth value, then it is a declarative sentence.”

« “Amodel is an assignment that makes a formula either true or
false.”
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Model sentences in propositional logic.

 “If a sentence as a truth value, it is a declarative sentence.”

p...sentence has a truth value, g... sentence is a declarative sentence

P—4q

« “Amodel is an assignment that makes a formula either true or that
makes the formula false.”

p... assignment that makes the formula true,
g... assignment that makes the formula false

pDq
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Properties of Kripke Structures
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Properties

« For any execution, it is always the case
that if the robot visits , it
visits C within the next two steps.

* There exists an execution, in which the
robot always visits C within the next two
steps after visiting

Werite properties as formulas:

For detailed modelling, we need...
« temporal operators, and
« path quantifiers!
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Propositional Temporal Logic

AP — a set of atomic propositions, p,qeAP

Temporal operators
= Describe properties along a given path/execution
= 3 operators to start with:

xp O O O O 0o o o
> > > e O o

Gp @ @ @ @

Fp © O @ O 0o 0 ©
> > »C ) O O O

Ug @ O o o

Path quantifiers: A for all paths
E there exists a path
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Temporal Operators
X... next

G... globally

F... eventually

Path quantifiers
A for all paths

E there exists a path

Properties

« For any execution, it is always the case
that if the robot visits A, it
visits C within the next two steps.

Werite properties as formulas:

AG(a - XcV XXc)
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Temporal Operators
X... next

G... globally

F... eventually

Path quantifiers
A for all paths

E there exists a path

Properties

« For any execution, it is always the case
that if the robot visits A, it
visits C within the next two steps.

* There exists an execution in which it is
always the case that if the robot visits
A, it visits C within the next two steps.

Werite properties as formulas:

AG(a » XcV XXc)

EG(a - XcV XXc)
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Properties of Kripke Structures
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Temporal Operators
X... next

G... globally

F... eventually

Path quantifiers
A for all paths

E there exists a path

Properties

* For any execution it holds that
the robot never visits X.

 There exists an execution in which

It holds that the robot never visits X.

Werite properties as formulas:

AG (—|X)

EG (—|X)
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Properties of Kripke Structures
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Temporal Operators
X... next

G... globally

F... eventually

Path quantifiers
A for all paths

E there exists a path

Properties

» There exists an execution in which
It holds that the robot visits A infinitely
often and C infinitely often.

« For any execution, it holds that the
robot visits A infinitely often,
but C only finitely often.

Werite properties as formulas:

E (GF a A GF ¢)

A (GF a AFG—c)

22.04.2024
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Properties of Kripke Structures

b [ Temporal Operators
e a X... next
» G... globally

F... eventually
Path quantifiers
° e A for all paths
7/ 0 E there exists a path

Properties Werite properties as formulas:

» For any execution, it holds that if the
robot visits A infinitely often,

it also visits C finitely often. A (GF a -» FG—c)
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Plan for Today

CTL*

» Informal Explanation of Syntax and Semantics
= Syntax

= Semantics
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Computation Tree Logic - CTL*

= Defines properties of Computation Trees of Kripke structures.

= Computation Tree
= Shows all possible executions starting form initial state.
= All branches of the tree are infinite.

Unwinding of M into
infinite computation tree

Kripke structure M,
labeled with AP = {a, b, c}
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" T = 5,5,.. ISaninfinite path in M if
= 5, IS an initial state, and
» foralli>0, (s;,si+1) €R

o
TR R
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Propositional Temporal Logic

Path quantifiers: A, E

= A specifies that all paths starting from s have property ¢.
= E specifies that some paths starting from s have property .

= Use combination of A and E to describe
branching structure in tree. }
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Propositional Temporal Logic

Temporal operators:
= Describe properties that hold along an infinite path

Xp O @ O O » 0 0 O
Gp @ —@ —@ —@ —— ° ° o
Fp O O @ O » 0 0 O
plg @ —e@—@ O » 0 0 0
PR @ —@ —@ O >0 0 0

oRq “p release g”:
PRQ requires that g holds along 7 up to and including the first
state where p holds. However, p is not required to hold eventually.
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Informal Semantics of State and Path Formulas

= [llustrate CTL* Semantics on Example
= Path Formulas:
= On my, b holds at every state. 2> m; = Gb
= On m,, b does not hold at every state. 2 m, ¥ Gb
= State Formulas:
= There is a path from s, that satisfies Gb 2s, = EGb
= Not all paths from s, satisfy Gb 2s, # AGDb

I @
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Informal Semantics of State and Path Formulas

o @

- Does s, satisfy the following formula?
" 5o F EXX (aADb)
" 5o ¥ EXAX (aADb)
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= Syntax

Plan for Today
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Syntax of CTL*

Two types of formulas in the inductive definition
= State formulas (true in a specific state)
= Path formulas (true along a specific path)

CTL* formulas are the set of all state formulas
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Syntax of CTL*: State Formulas

Inductive definition of state formulas:

= |Ifp € AP, then p is a state formula.

= |f f,and f, are state formulas, so are —f,, f,vf, and f Af,.
= If gis a path formula, then Eg, Ag are state formulas.

Inductive definition of path formulas:
= If f Is a state formula, then f is also a path formula.

= If g,, g, are path formulas, then —g;, g1V 92,91 A g2,

Xg, Gg,, Fgy, 9,.U g, 91R g,
are path formulas.

CTL* is the set of all state formulas!
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= Semantics

Plan for Today
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Semantics of CTL*

Kripke Structure M = (S,S,, R, AP, L)
T =Sq, Sy, --- IS @ninfinite path in M
n' — the suffix of &, starting at s,

For state formulas:
* M,s = f ... the state formula f holds in state s of M

For path formulas:
* M, = g ... the path formula g holds along = in M
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Semantics of CTL*

Let g4 and g, be path formulas and f; and f, be state
formulas.

= IS Inductively defined via the structure of the formula.

State formulas:

M,s Ep <pel(s)forpeAP

M,s EE g, < thereisapath 7 fromss.t. M,zE g4
M,s A g, < forevery path # fromss.t. M, 7= g4
Boolean combination (A, v, =) — the usual semantics
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Semantics of CTL*

Let g4 and g, be path formulas and f; and f, be state
formulas.

Path formulas:

= M, F fy <> s Is the first state of rand M, s F f;
= MrzeXg, oMnr'Eeg;

» Mr=Gg, <oforeveryi>0, Mn'Eg,

» MreFg, < thereexistsk>0, Mnr*E g,

= MzE g, U g, < there exists k >0, M,k £ g,
and forevery 0<j < k, M = g4

M e f, < forallinitial statess, € S, M, sy E f1
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Properties of CTL*

The operators v, —, X, U, E are sufficient to express
any CTL* formula:

finfa =
F g, =
G g1 =
Af =
g1 Rg, =
g1 R g, =

—(—f1 VvV —fz)

true U g4

_IF_Igl

_I(_Igl U—lgz ) or

(92 U (g, A 92)) VG g,

= |ntuitively, once g, becomes true, it “releases” g,
If g, never becomes true then g, stays true forever

= Rewrite it using the operators U, F, G, or X

SCOS
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Negation Normal Form (NNF)

= Formulas in Negation Normal Form (NNF) are formulas in
which negations are applied only to atomic propositions

= Every CTL* formula is equivalent to a CTL* formula in NNF
= Negations can be “pushed” inwards.

s Ef = Af
—Gf=F-f
—Xf = X-f
—(fug)= (fR—-Q)
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Example 1: Semantics of CTL*

M e f, < forallinitial statess, € S, M, sy E f1

* DoesME=EEXpor M=E—-EXp?
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Example 1: Semantics of CTL*

M e f, < forallinitial statess, € S, M, sy E f1

* DoesME=EEXpor M=E—-EXp?

So S1
Solution:
Me=EXD
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Example 2: Semantics of CTL*

M e f, < forallinitial statess, € S, M, sy E f1

* DoesME=EEXpor M=E—-EXp?
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Example 2: Semantics of CTL*

M e fi < forallinitial states s, € Sy, M, sy E f4

* DoesME=EEXpor ME—-EXDp?

l l Neither
>0 > Note, such a situation never
happens when M has
a single initial state.
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Example 3. Semantics of CTL*

Question:

= Givena,b e AP
How does a path satisfying F(a U b) look like?

F@aUb) O O -@ @ » 0 0 O
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Example 4: Semantics of CTL*

Question:

For p € AP, what is the meaning of the following
formulas?

= n=GFp Infinitely often p along =
= tEFGP Finitely oftfen —p along =«

SCOS
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Example 5. Semantics of CTL*

Question:

For p € AP, what are the meaning of the following
formulas?

" SEEGFp  Thereexists apath with satisfies infinitely often p

= Sk EG EF p There exists a path in which we can
reach p from all states
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Plan for Today

= Sublogics: CTL, LTL
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Useful sublogics of CTL*

CTL and LTL are the two most used sub-logics of CTL*

Differ on how temporal operators and path quantifiers can be
combined.

CTL* allows any combination of temporal operators and path
guantifiers. It includes both LTL and CTL.

CTL*

E(GF ¢)

G(¢,— F ¢,)
or resp.
AG(¢, — AF ¢,)
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Linear Temporal Logic (LTL)

LTL consists of state formulas of the form
A g, where g is a path formula, containing no path quantifiers.

= Describes the paths in the computation tree, using only one,
outermost universal quantification.

= Typically when writing formulas in LTL, the path quantifier is
omitted.

= Examples:
" GF g

" G(p->FY)
= G(p > XXX )
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LTL - Syntax

LTL is the set of all state formulas.

State formulas:
= Ag where g is a path formula

Path formulas:
= p AP

" —9v 91V9» 91792 X9, GG, Fgi, 9.Ug, 9:Rg,
where g, and g, are path formulas.
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Computation Tree Logic (CTL)

CTL consists of state formulas, where path quantifiers and temporal
operators appear in pairs: AG, AU, AX, AF, AR, EG, EU, EX, EF, ER

= Examples:
" E(pUY)
= EF(p) NEGY
= AF AG ¢ ..
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CTL - Syntax

CTL iIs the set of all state formulas, defined below
(by nfeans of state formulas only):
= p AP

= fy fovfe FinS
" AXf,AGf,AFf,A(fiUf)),A(f1Rf))

* EXf, EGf, EFf, E(fiUf,), E(fiRf;)
where f, and f, are state formulas

SCOS
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LTL/CTL/CTL*

= Linear Temporal Logic (LTL) consists of state formulas of the
form Ag, where g is a path formula, containing no path quantifiers.

= CTL consists of state formulas, where path quantifiers and
temporal operators appear in pairs: AG, AU, AX, AF, AR, EG, EU,

EX, EF, ER

CTL*

E(GF ¢)

G(¢,— F ¢,)
or resp.
AG(¢, — AF ¢,)
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