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Recap - Topics we discussed so far

" Propositional Logic
= Syntax and Semantics

= SAT Solving (DPLL)

= (Efficiently) solve huge formulas

= BDDs

= Data structure to efficiently store and manipulate formulas

= Natural Deduction
" Prove that arguments in prop. logic are valid



= Plan of Today

First Part — A few Basic Concepts of Propositional Logic Second Part —Z3
= Last lecture about propositional logic " |ntroduction to SMT
= Next week: predicate logic solver 73

= Focus on solving formulas

= Several basic concepts 7 mrsppesitiens] legic

= Relations between Satisfiability, Validity, and Equivalence
= Normal Forms: CNF, DNF
= Logical equivalences: Distributive laws, De Morgan’s law...

=  Tseitin Encoding
= Computes equisatisfiable formula in CNF

= Equivalence checking via reduction to SAT




Outline

= Algorithm - Decide equivalence of combinational circuits

" Based on reduction to Satisfiability
Relations between Satisfiability, Validity, and Equivalence
Normal Forms

Tseitin Encoding
= Algorithm to translate formula in equisatisfiable formula in CNF



Learning Outcomes

o]

After this lecture...

1. students can apply the algorithm to check for equivalence
based on the reduction to SAT.

2. students can explain the relation between satisfiability, validity, and
equivalence.

3. students can rewrite and simplify formulas by applying
logical equivalences.

4. students can construct the CNF and DNF normal forms of formulas
via truth tables.

5. students can apply Tseitin’s algorithm to construct formulas in CNF.

6. students can explain the concept of equisatisfiability.



Combinational Equivalence Checking

= Circuit Optimization and Synthesis Tools
= Big Market .-
" Tools can make mistakes! b AND @

"= Need to check for equivalence ~_ s

AND

?
o FD-




Algorithm - Circuit Equivalence via Truth Tables

= Using Truth Tables: Check for ¢ =y and Y E ¢ ?
i.e., ¢ and 1y are true for the same models
= Exponentially large
= - Not practicable!

= Better way: Reduction to SAT



Algorithm - Circuit Equivalence based on SAT
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Step 1: Encode C; and C, into formulas:



Algorithm - Circuit Equivalence based on SAT

Step 1: Encode C; and C, into formulas:

o
p=
=
)

AND P1 (p]_:t/\S
s =-rA(aVvb)
= —(anb)A(aVb)

| OR
-t @, = (@ A=b)V (=a A b)




Algorithm - Circuit Equivalence based on SAT

Step 1: Encode C; and C, into formulas:

o
p=
=
)

01 @, =-(anb)A(aVb)

AND

| OR
-t @, = (@A =b)V (=aAb)

Circuits are equivalent <~ @, @ @, is unsatisfiable.




Algorithm - Circuit Equivalence based on SAT

Step 1: Encode C; and C, into formulas:

o
p=
=
)

01 @, =-(anb)A(aVb)

AND

| OR
o o @, = (@ A=b)V (=a A b)

Circuits are equivalent & @, @ @, is unsatisfiable.

\ J
I

SAT Solver needs CNF
Use Tseitin Encoding to encode ¢; @ ¢, as CNF




Algorithm - Circuit Equivalence based on SAT

1. Encode C; and C, into two formulas ¢ ;{ and ¢ ,

2. Compute the Conjunctive Normal Form (CNF) of ¢ { © >
= Use Tseitin Encoding

3. Give CNF(p 1 @ @,) to a SAT solver

4. €y and C, are equivalent ifand only if @ { @© @, is UNSAT



Outline

Relations between Satisfiability, Validity, and Equivalence

Normal Forms

Tseitin Encoding

Circuits are equivalent < @ @ @, is unsatisfiable.

\ J
I

Convert to CNF using Tseitin Encoding




= Duality: Validity and Satisfiability

" ¢isvalid <~ —¢ is not satisfiable
¢ is satisfiable <~ - is not valid

= Example:

" ¢ = (xV —=x)isvalid. Truth Table: All rows T.
" 1¢p = =(xV ax) = =x A x is not satisfiable. Truth Table: All rows F.

= Only one decision procedure needed



Reductions

= Only one decision procedure needed

¢

satisfiable?
o —¢ not ¢ D Y not
Satisfiability / satisfiable? | satisfiable?

Validity —1¢ not valid? / ¢ < Y valid?
T? /

©
1l

Equivalence | ¢ #17?




Outline

Normal Forms

Tseitin Encoding

Circuits are equivalent < @ @ @, is unsatisfiable.

\ J
I

Convert to CNF using Tseitin Encoding




Normal Forms

= Literal: propositional variable or its negation
" Example: p, —q

= Disjunctive Normal Form (DNF)
= Disjunction of conjunction of literals:

(Cll N\ a-, JANRERIA aTl) V (bl A A bm) \ .-
where each q;, bj is a literal

= Conjunctive Normal Form (CNF)
= Conjunction of disjunctions of literals:

(a1 VvV a-, V-V an) N\ (bl V-V bm) N -e-

where each a;, b; is a literal



= Ways to Obtain a CNF

= SAT Solvers require formula in CNF as input

= Obtain CNF via Truth Table
= Exponential size

= Obtain CNF via logical equivalences (De Morgan’s laws, Distributive laws...)
" Exponential size

= Tseitin Encoding
= Use auxiliary variables
" Linear blow-up
" Produces equisatisfiable formula with linear blowup



= DNF from Truth Table

%?

(rvq) - (pA-q)

r
0
1

Example:
q
0
0

p
0
0




DNF from Truth Table

Enumerate satisfying models,
connect satisfying models with disjunctions.

Example:

p q r (@vqg-> (PAr-q
0 0 O 1

0 0 1 0

0 1 0 0

0 1 1 0

1 0 0 1

1 0 1 1

1 1 0 0

1 1 1 0

“pA\N—qgAN\-r

pA\N—-gAN\-r

PAQN T

DNF: (_Ip/\_ICI/\_IT')V(p/\_ICI/\_IT')V(p/\_ICI/\T')




CNF from Truth Table

Example:

p q T (pV-q)->r
0 0 O 0

0 0 1 1

0 1 0 1

0 1 1 1

1 0 0 0

1 0 1 1

1 1 0 0

1 1 1 1

X

o



= CNF from Truth Table

Exclude falsifying models by requiring that at least
one literal per falsifying model must be different,

Example: connect with conjunctions.
p q T (pV-q)->r

0 0 0 0 ‘ pv qV r

0 0 1 1

0 1 0 1

0o 1 1 1

1 0 O 0 -pV qVTrT

1 0 1 1

1 1 0 0 pV-aqV r

1 1 1 1

CNF: (pVgVT)A(=pVqVT)A(=pV gqVT)



Outline

Tseitin Encoding

Circuits are equivalent < @ @ @, is unsatisfiable.

\ J
I

Convert to CNF using Tseitin Encoding




Tseitin Encoding

= Produces equisatisfiable formula in CNF with linear blowup

= Trick: Use auxiliary variables

= Definition of equisatisfiability:

¢ and i are equisatisfiable <=> either both are satisfiable, or both are unsatisfiable

= For equivalence checking, we only need the info SAT or UNSAT




Tseitin Encoding

= Stepl
=  Assign new variables to each sub-formula
= Step?2
= Add explanation for each new variable
= Step3
=  Apply Tseitin Rewrite Rules to obtain equisatisfiable CNF

X (pVY) & (e VX)A (Y VX) A (X Ve V)
X (pAY) < (xVe)A(x V) A (e V1 V)
X & (xVop)A(p V)



K Example — Tseitin Encoding

Use Tseitin encoding to compute the CNFof ¢ = ((pV q) A1) V —p.

Rewrite Rules

X (pVe) & (cpVX)A(TUVX)A (X Ve V)
X (eAY) & (xVe)A(x VYY) A(meV V)
) A

X & (x Vo) A(eVy)



Example — Tseitin Encoding

Use Tseitin encoding to compute the CNFof ¢ = ((pV q) A1) V —p.

Rewrite Rules

X (eVy) o (tpVX)A (Y VX)A (X Ve V)
X (@AY) & (xVe)AEXVY)A(meV V)
X< & (x Vo) AleVy)

((pVaq)Ar)V-p A (—x2 Vi) A (-
(I L
[ i ] o /\(‘ﬂ.I‘;Vﬁ'))/\(pV.Lf;)
2
. — ! A(—z2Vzy) A(-z3 V) A(—zy, Ve V)
A 2P



k) Example — Tseitin Encoding
Use Tseitin encoding to compute the CNF of ¢ = =(aV =b) V (—a Ac).

Rewrite Rules

X (pVe) & (cpVX)A(TUVX)A (X Ve V)
X (eAY) & (xVe)A(x VYY) A(meV V)
) A

X & (x Vo) A(eVy)



3 Example — Tseitin Encoding

Use Tseitin encoding to compute the CNF of ¢ = =(aV =b) V (—a Ac).

- (aV I—_Ibl) \Y% (I—;al Ac)

T4 Ts

€Ira o
L ]
xIrq

'T’.‘a‘-"

X < (p V)

(e VX)A(mVX)A(—x Vo V)

—~
X (@AY) < (X Ve)A(X V) A (e V- Vi)
~

CNF(p)

X ¢ (x V@) Alp VX)

Tl

(mxy Vae) Az Va,) A~z Vo Vo)A
{—IIJ_ W —I,-".T::_',} M {ﬂ:l W 1.‘3}.-"\

(maV xz) A(—xg Vas) Aoz Vay o)A
(mxo Vixs) A(—me Ve) A(—xs VeV zg)A
(g V —b) A (g VDA

(s V) A (x5 V a)



Bl Derive Rewrite Rules

De-Morgan

" r<>(pAQ).. rewrite it toa CNF —~(aAb) = —aV b
—(aVb)=-aAN-b

Distributive Law

aV(bAc)=(aVvb)A(aVc)
aN(bVvc)=(anb)V(aAc)



BN Derive Rewrite Rules

De-Morgan

" r<>(pAQ).. rewrite it toa CNF —~(aAb) = —aV b
—(aVb)=-aAN-b

Distributive Law

"(r>pAag)Aalparg—r)

aV(bAc)=(aVvb)A(aVc)
aN(bVvc)=(anb)V(aAc)

" (mrvipAag)A(=(lpag)vr)

" (arvp)A(=rvg)A(—pVv—=qgvr)



B Derive Rewrite Rules

De-Morgan

" r<>(pvVvq)..rewrite it toa CNF —~(aAb) = —aV b
—(aVb)=-aAN-b

Distributive Law

aV(bAc)=(aVvb)A(aVc)
aN(bVvc)=(anb)V(aAc)



B Derive Rewrite Rules

De-Morgan

" r<>(pvVvq)..rewrite it toa CNF —~(aAb) = —aV b
—(aVb)=-aAN-b

Distributive Law

* ((pvag)>r)aA(r—>pva)

aV(bAc)=(aVvb)A(aVc)
aN(bVvc)=(anb)V(aAc)

" ((pvag)vr)a(=rvpva)

" ((—pA—=qg)VvI)A(=rvpva)

" (—pvr)A(=qgVvr)A(=rvpva)



s Example

Derive the rewrite rule for x < (p = q).

De-Morgan

—(aAb)=-aV b
—(aVb)=-aAN-b

Distributive Law

aV(bAc)=(aVvb)A(aVc)
aN(bvc)=(anb)V(aAc)



s Example

Derive the rewrite rule for x < (p = q).

Sp—=q)ere(p—q)
S—=>(p=2>9)AN((p—q) = x)

o Cova) A v
S (—axV(pV)A(=(—pVq)Va)
~ (—-:‘e‘: V =pV q) ( —=p A _'t‘}) \/ J) De-Morgan

(

—(aAb)=-aV b
0n ) v
(

pVax)A(—qVx))

& (e V-pVag) A(
& (mxVop V) A(
) A (

Distributive Law

-{:}(—-:r:\f—-p\q’q p\f?) (ﬂq‘v’:r::) aV(bAc)=(aVvb)A(aVc)
aN(bvc)=(anb)V(aAc)




s CEC Example

Check whether ¢; = a A =b and ¢, = =(—a V b) are equivalent using the reduction to SAT.

P

o



CEC Example

Check whether ¢; = a A =b and ¢, = =(—a V b) are equivalent using the reduction to SAT.
Step 1) Build ¢ = @1 D o,

© = p1 D P2
= [p1 V 2] A [ o1 A P2

= [(a A =b) V (=(—a V b)) A =[(a A —b) A (=(—a Vb)) CNF(p) = 2,/

T, V1) A (mxy VX)) A (mz1 VT VX,)A
—xy V oxg) A (21 V x2)A

Step 2) Compute CNF of ¢ via Tseitin
(an b))V (= (ogve) [ A= (angh) v (- (g Vb)) |

—x3 V) A (mxg Vo) A (mzy Vs Vg
foitrd Ty 7 g
] | I— ] | I

(
(
(
T3 T6 z3 To (mx3Va)A(mxsVar)A(-aV —xr Vas)A
I ! ' ! (mxg V —xg) A (4 V 26)A
(
(
(

» o
' = b — ! —25 V 26) A (mbV 26) A (m26 V 75 V B)A
-7 V —b) A (27 V B)A
—xg V —a) A (g V a)

T2
l I
Ty

Step 3) Check via SAT Solver: Is the CNF of ¢ satisfiable?
Step 4) Interpret result: ¢ ; and @, are equivalent if and only if ¢ { @ @, is UNSAT



T
After this lecture...
1. students can apply the algorithm to check for equivalence

based on the reduction to SAT.
2. students can explain the relation between satisfiability, validity, and
equivalence.
3. students can rewrite and simplify formulas by applying
logical equivalences.
4. students can construct the CNF and DNF normal forms of formulas
via truth tables.
5. students can apply Tseitin’s algorithm to construct formulas in CNF.
6. students can explain the concept of equisatisfiability.

Learning Outcomes



Thank You

https://xkcd.com/1033/
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