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Chapter 2 – Number Representation



How to Represent Information?

Combinational circuits allow to compute a logic function that takes N input 
wires and that calculates M output wires. 

In order to create circuits for all kinds of data, we need to a agree how to 
represent information. In particular, we need an agreement for:

• Numbers

• Text

• Pictures, photos

• Audio

• Video

• Executables
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The Romans

I     II   III  IIII
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The Romans (ver 2.0)

I     II   III  IV
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◼
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◼
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How many symbols do we need / How to 
continue counting when running out of symbols?



◼
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Al-Chwarizmi introduced the 
positional number system
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Examples 
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Base b

• Number system with base b:
• ... b3 b2 b1 b0 .  b-1    b-2 b-3 ...

• b Symbols

20
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Our number system

• Decimal system (base is „ten“) :
• ....
• Hundredth 10—2

• Thenth 10—1

• Ones 100

• Tens 101

• Hudreds 102

• Thousands 103

• …

• Ten symbols: 0, 1, 2, …, 9
• With n positions: 10n possible different values
• 2345 = 2*103 + 3*102 + 4*101 + 5*100

• 345.67 = 3*100 + 4*10 + 5*1 + 6* 1/10 + 7* 1/100
21
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Base b = 2

• ...
• Quarters 2-2

• Halves 2-1

• Ones 20

• Twos 21

• Fours 22

• Eights 23

• …

• Two symbols: 0, 1
• With n positions: 2n possible different values
• (1011)2 = 1*23 + 0*22 + 1*21 + 1*20

• (011.01101)2 = 2 + 1 + ¼ + 1/8 + 1/32 

22
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Counting with binary numbers

(0000)2 = 0 + 0 + 0 + 0 = 0

(0001)2 = 0 + 0 + 0 + 1 = 1

(0010)2 = 0 + 0 + 2 + 0 = 2

(0011)2 = 0 + 0 + 2 + 1 = 3

(0100)2 = 0 + 4 + 0 + 0 = 4

…

(1101)2 = 8 + 4 + 0 + 1 = 13

(1110)2 = 8 + 4 + 2 + 0 = 14

(1111)2 = 8 + 4 + 2 + 1 = 15

23
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Binary „numbers“ with 4 bits (sorted)
0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

24
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Interpretation as unsigned numbers
0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

0
1

2

3

4

5

6
7

8
9

10

11

12

13

14

15
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Abbreviation with hexadecimal numbers
0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

0
1

2

3

4

5

6
7

8
9

A

B

C

D

E

F
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Translation from binary
to hexadecimal

1011110000110101

B      C       3      5

0xBC35
(BC35)16

`hBC35
27

binary dechex
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Abbreviation with hexadecimal numbers
0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

0
1

2

3

4

5

6
7

8
9

A

B

C

D

E

F
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We could also count the other direction
0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

+0
+1

+2

+3

+4

+5

+6
+7?-7

-6

-5

-4

-3

-2

-1
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Two halves: positive and negative
0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

+0
+1

+2

+3

+4

+5

+6
+7

-8
-7

-6

-5

-4

-3

-2

-1

+-
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Interesting „side effect“: The most significant bit
(MSB) denotes the sign

+0
+1

+2

+3

+4

+5

+6
+7

-8
-7

-6

-5

-4

-3

-2

-1

+-

0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111
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Interesting „side effect“: The most significant bit
(MSB) denotes the sign

+0
+1

+2

+3

+4

+5

+6
+7

-8
-7

-6

-5

-4

-3

-2

-1

+-

0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

MSB is 1

MSB is 0
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Interesting „side effect“: The most significant bit
(MSB) denotes the sign

+0
+1

+2

+3

+4

+5

+6
+7

-8
-7

-6

-5

-4

-3

-2

-1

+-

0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

MSB is 1

MSB is 0

Important: The most significant bit is not the sign in the traditional sense. Here, we
do not have the usual representation as “sign” followed by “magnitude of number”. 
However, the most significant bit “indicates” whether the number is positive or 
negative. 33
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„Signed“ representation
0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

+0
+1

+2

+3

+4

+5

+6
+7

-8
-7

-6

-5

-4

-3

-2

-1

+-
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„Signed“ representation

0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

+0
+1

+2

+3

+4

+5

+6
+7

-8
-7

-6

-5

-4

-3

-2

-1

+-

“Two’s complement representation”

35
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How to subtract?

3 - 5 

36
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How to subtract?

(+3) + (-5) 

3 - 5 

Subtraction is also an addition:
We add the negation of 5.

37
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How to subtract

(+3) + (-5) 

0 0 1 1
1 0 1 1

+

3 - 5 
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How to subtract?

(+3) + (-5) 

0 0 1 1
1 0 1 1

0

+

1

39
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How to subtract?

(+3) + (-5) 

0 0 1 1
1 0 1 1

1 0

+

11
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How to subtract?

(+3) + (-5) 

0 0 1 1
1 0 1 1

1 1 0

+

1 1
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How to subtract?

(+3) + (-5)

0 0 1 1
1 0 1 1

1 1 1 0

+

42
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How to subtract?

(+3) + (-5) = (-2)

0 0 1 1
1 0 1 1

1 1 1 0

+

43
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What happens if we leave the interval: 
Overflow

(+3) + (+6) = (-7)? 

0 0 1 1
0 1 1 0

1 0 0 1

+

44
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What happens if we leave the interval:
Underflow

(-3) + (-6) = (+7)? 

1 1 0 1
1 0 1 0

0 1 1 1

+

1
We do not have a 5th bit. We are in a 4-bit world.

45
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Negation of a value: 
We do the “two’s complement”

+5: 0 1 0 1

1 0 1 0
+ 0 0 0 1

-5: 1 0 1 1

Invert all bits:
„One‘s complement“

adding 1 makes the
„two‘s complement“

46
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Two’s complement works both ways

-3: 1 1 0 1

0 0 1 0
+ 0 0 0 1

+3: 0 0 1 1

Invert all bits to get the
„one‘s complement“

Adding 1 makes the
„two‘s complement“

47
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Check, if Your Computer Behaves as Expected 
in a 64-bit or 32-bit World 

• See examples con02 available at

https://extgit.iaik.tugraz.at/con/examples-2021.git

www.iaik.tugraz.at
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Sign Extension

• Sign extension is necessary, if binary values with different bit width 
are combined

• Sign extension means that the MSB of the shorter value is replicated 
until the bit size of the larger value is reached. This ensures correct 
arithmetic handling.
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49



Sign Extension – Example 

• Example: compute A + B
• Value A (16 bit):  7  (Binary: 00000000 00000111 )
• Value B (8 bit): -1 (Binary: 11111111 )

• If we would simply add the values without sign extension, this would lead to 
an incorrect result: 262 decimal (Binary: 00000001 00000110 )

• Correct computation with sign extension:
• Value A (16 bit):  7  (Binary: 00000000 00000111 )
• Value B after sign extension (16 bit):  -1  (Binary: 11111111 11111111 )

• Result A + B : 6 (Binary: 00000000 00000110 ) 

www.iaik.tugraz.at
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Rational numbers

• To the right of the decimal point:
• Thenth 10-1

• Hundredth 10-2

• Thousandth 10-3

• ...

• Example: (0.1234)10

• Multiply with 104 leads to (1234)10

51
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Rational numbers with base 2

• To the right of the „binary“ point:
• Halves 2-1

• Quarters 2-2

• Eighths 2-3

• ...

• Example: (0.1101)2 = ½ + ¼ + 1/16 = 13/16

• Alternative view: Multiply (0,1101)2 with 24 and you get (1101)2, i.e. 
(13)10. The multiplication with 24 shifts the „binary point“ by 4 
positions to the left. Thus, (0,1101)2 is the same as 13/16 .

52
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Rational numbers in „signed“ format
0000 0001

0010

0011

0100

0101

0110

0111
1000

1001

1010

1011

1100

1101

1110

1111

+0
+1

+2

+3

+4

+5

+6
+7

-8
-7

-6

-5

-4

-3

-2

-1

+-
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Division by 2
000.0 000.1

001.0

001.1

010.0

010.1

011.0

011.1
100.0

100.1

101.0

101.1

110.0

110.1

111.0

111.1

+0/2
+1/2

+2/2

+3/2

+4/2

+5/2

+6/2
+7/2

-8/2
-7/2

-6/2

-5/2

-4/2

-3/2

-2/2

-1/2

+-
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Division by 4
00.00 00.01

00.10

00.11

01.00

01.01

01.10

01.11
10.00

10.01

10.10

10.11

11.00

11.01

11.10

11.11

+0/4
+1/4

+2/4

+3/4

+4/4

+5/4

+6/4
+7/4

-8/4
-7/4

-6/4

-5/4

-4/4

-3/4

-2/4

-1/4

+-
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Division by 8
0.000 0.001

0.010

0.011

0.100

0.101

0.110

0.111
1.000

1.001

1.010

1.011

1.100

1.101

1.110

1.111

+0/8
+1/8

+2/8

+3/8

+4/8

+5/8

+6/8
+7/8

-8/8
-7/8

-6/8

-5/8

-4/8

-3/8

-2/8

-1/8

+-
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The interval is [-1, +7/8]
0.000 0.001

0.010

0.011

0.100

0.101

0.110

0.111
1.000

1.001

1.010

1.011

1.100

1.101

1.110

1.111

+0/8
+1/8

+2/8

+3/8

+4/8

+5/8

+6/8
+7/8

-8/8
-7/8

-6/8

-5/8

-4/8

-3/8

-2/8

-1/8

+-
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We cannot divide by 16 since we need at least 1 bit left of
the „point“. 

0,000 0,001

0,010

0,011

0,100

0,101

0,110

0,111
1,000

1,001

1,010

1,011

1,100

1,101

1,110

1,111

+0/8
+1/8

+2/8

+3/8

+4/8

+5/8

+6/8
+7/8

-8/8
-7/8

-6/8

-5/8

-4/8

-3/8

-2/8

-1/8

+-
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Two’s complement again

-5/8:     1 . 0 1 1

0 . 1 0 0
0 . 0 0 1

+5/8: 0 . 1 0 1

Invert all bits.

Add 1.

Alternative view: Multiply first -5/8 with 23. This corresponds to a shift of the binary point
by three positions to the right. The result is -5. Next, we compute the two’s complement 
of -5 and get +5. Finally, we divide this value by 23 again. This corresponds to a shift
of the point by 3 positions to the left. As a result we get +5/8.

59
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Division by the base
• Right shift by one position: 123,4 / 10 = 12,34

• Arithmetic Shift Right (ASR): All bits get shifted to the right by one position. The value of the most 
significant bit gets duplicated.

• Logic Shift Right (LSR): All bits get shifted to the right by one position. The most significant bit gets 0.

• Division by 2:
• Unsigned: ASR oder LSR:  Half of (0110)2 is (0011)2  

• Signed: ASR: Half of (-6)10 = (1010)2 is (1101)2

• Half of  (-4/8) = (1,100)2 = (1,110)2 = (-2/8)

• Watch out: negative numbers are rounded towards “lower values”

(-1)2 = (1111)2

(- ½ )2 = (1111)2

It does not matter by how many positions you shift to the right: 
(1111)2 stays always (1111)2 .

Check out http://en.wikipedia.org/wiki/Arithmetic_shift

60
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Building Circuits that Calculate
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Back to School

• Let’s add 5 + 9

• a = 5 (dec) =  0 1 0 1  (bin)

• b = 9 (dec) =  1 0 0 1  (bin)

• s = 14 (dec) =  1 1 1 0  (bin)

• How do we put the school method into circuit?

• Observe: at each bit position we perform the same action

www.iaik.tugraz.at
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Circuit for a Single Bit Position

• c 0 0 1 0 Carry signal
• a = 5 (dec) =  0 1 0 1  (bin)
• b = 9 (dec) =  1 0 0 1  (bin)
• s =14 (dec) =  1 1 1 0  (bin)

• Inputs: 
• ai
• bi
• ci-1 (“carry in”)

• Outputs:
• si
• ci (“carry out”)
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Truth Table of a Full Adder
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a b cin cout s

0 0 0 0 0

0 0 1 0 1

0 1 0 0 1

0 1 1 1 0

1 0 0 0 1

1 0 1 1 0

1 1 0 1 0

1 1 1 1 1



4-Bit Addition and Subtraction

• Let’s do this in digital!
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