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Outline

= Checking emptiness of Buchi automata
= Generalized Buchi automata

= Automata and Kripke Structures

= Model checking using automata

= Translation of LTL to Buchi automata
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Checking for emptiness of L(B)

= An infinite run p Is accepting < it visits an accepting
state an infinite number of times.
» inf(p) NF#0

sSAENeY How to check for L(A) = @7

Q
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Ty,

Checking for emptiness of L(B)

= An infinite run p Is accepting < it visits an accepting
state an infinite number of times.
» inf(p) NF#0

= How to check for L(A) = @7

= Empty if there Iis no reachable accepting state on
a cycle.

Q

s
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Non-emptiness <
Existence of reachable accepting cycles

Lemma: Let B =(%,Q,A,Q%F) be a Blichi automaton.
The following conditions are equivalent:

=  L(B) is nonempty.
= B contains a strongly connected component C, which

Includes an accepting state. Moreover, C is reachable
from an initial state of B.

* The graph induced by B contains a path from an initial
state of B to a state t € F and a path from t back to itself.
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e — Example
-3: 0)

= |sthe language £(B) empty?
= |f not, what is the L(B)

(rp dgs 2) (ry, do, 0)
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Example

» The language L(B) is nonempty.
= L(B) = {inf number of a’'s and inf number of b’s}
= <r,,0,,2> IS accepting and
reachable from <r ,qg,,0> and
reachable from itself
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Outline

» Generalized Blchi automata

= Automata and Kripke Structures

= Model checking using automata

= Translation of LTL to Blchi automata
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Ty,

H Generalized Blichi automata

= Have several sets of accepting states

= B=(X,Q,A,Q°F) is a generalized Bichi automaton:
= F={P,, ..., P}, whereforevery1<i<k,P,c Q

= Arun p of Bis accepting if for each P, F, inf(p) N P,# @
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Ty,

Translation from Generalized Biichi to Buichi

= Gjven ‘B = (21Q1’A1’Q10’F1) with F = {Pl’ - Pk}

= How does it work to construct a Biichi automaton B’ that accepts the
same language?
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Translation from Generalized Biichi to Buichi

= B=(2,Q.,A,Q°F)wWithF={P,, ..., P}

= B'=(%,Qx{0,1,...k}, A,Q%0, QX k) with:
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Translation from Generalized Biichi to Buichi

= B=(2,Q,A,Q°F)WithF={P,, ..., P}
« B =(Z,Qx{0,1,...k}, A’,Q%0, Q x k) with:

= The transition relation A’:
((9,x),a,(d",y)) € A "when (g,a,q’) € A and x and y are as follows:

= |f q' € P, and x=i, then y=i+1 for i<k
= |f x=Kk, then y=0.

= QOtherwise, X =Y.

Size of B’ = (size of B) X (k+1)
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Outline

= Automata and Kripke Structures
= Model checking using automata
Translation of LTL to Blchi automata
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Kripke Structure M to Biichi Automaton A,

= Move labels to incoming transitions
* Push labels backwards

All states are accepting
= What about initial states?

{P}
Ay OO0,

51 {p,q}
{p 4} {a}

M: 2 Ay s,
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Ty
Kripke Structure M to Biichi Automaton A,

= Move labels to incoming transitions

= All states are accepting i
L
{p, q}/©\{/0}
{P}
| )
30 S1 {p,aq}
{p,a} {9}
S s,

M: 2 Ay
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Ty,

Automata and Kripke Structures

M=(S,Sy;, R,AP, L) = A, = (Z, SU{i}, A, {1}, SU{L}),
where X = P(AP).

» (s,a,s')eAfors,s'’eS e (s,s')e Randa=L(s')

= (Las)eEAoseS,anda=L(s) |

{P. 9} 1P}
1P}

| | T
S0 S {pq}
\ {pa} {a}
S

M- 2 (’AM : 52
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Outline

= Model checking using automata
Translation of LTL to Blchi automata
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Model Checking when
system A and spec § are given as Blchi automata

» A satisfies § if L(A) S L(S)
» |s any behavior of A allowed by §7

Seguences satisfying §

{Computations of A J

All possible sequences
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Model Checking when
System A and Spec § are given as Buchi automata

= A does not satisfy § if L(A) € L(S)

Counter- Sequences satisfying §

examples

Computations of A

All possible sequences
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Model Checking when
system A and spec § are given as Blchi automata

= Check whether L(A) € L(S)
= Equivalent:

L(A) L LS) = LA)NLS)# O
L(A) C L(S) L(A) ¢ L(S) = L(A)N LES)# 0
Sequences satisfying § Counter- Sequences satisfying §
examples

Computations of A J

{Computations of A }

All possible sequences

All possible sequences
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Ty
Model Checking — suggested algorithm

when system A and spec § are given as Blichi automata

Complement §. The resulting Blichi automaton is §
Construct the automaton B with £(B) = L(A) N L(S)
If L(B) = @ = A satisfies §

Otherwise, a word v - w® € L(B) IS a counterexample
3 a computation in A that does not satisfy §

How can we avoid building the complement of §7?

-l A
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Ty
Model Checking — suggested algorithm

when system A and spec § are given as Blichi automata

Loy 53

Complement §. The resulting Blichi automaton is §
Construct the automaton B with £(B) = L(A) N L(S)
If L(B) = @ = A satisfies §

Otherwise, a word v - w® € L(B) IS a counterexample
3 a computation in A that does not satisfy §

How can we avoid building the complement of §7?

i
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Model Checking of LTL
given an LTL property ¢ and a Kripke structure |V
check whether M = ¢

Construct - N
o

Construct a Buchi automaton §_;°

Translate M to an automaton A.

Construct the automaton B with £(B) = L(A) N L(S-,)

If L(B) = @ > A satisfies ¢

Otherwise, a word v - w® € L(B) is a counterexample
- a computation in M that does not satisfy ¢

o 0k W PE
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Translation of LTL to Bliichi automata
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Translation of LTL to Blichi automata

Given an LTL formula ¢, construct a generalized
Blchi automaton A,

= A, accepts exactly all the traces that satisfy ¢
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Recall LTL Semantics

Xp O @ O @ » O O O
Gp O O O O > & & O
Fp O O O O * 0 O O
pUq @ @ @ O 0 O 0O
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Ty,

Translation of LTL to Buchi automata

Given an LTL formula ¢, construct a generalized
Blchi automaton A,

1. Translate ¢ into generalized Buchi Automaton
2. Translate generalized Blchi to Blchi automaton
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Rewriting

= Algorithm only handles
= ,AVX, U
= Use rewriting Rules =G¢ = F—¢
" Fo =trueUg
" G = aF-@
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From LTL formula ¢ to GBA A,

= Step 1: Based on ¢, we define the state space of A,

= Each state of the automata is labelled with a set of
properties/sub-formulas that should be satisfied
on paths starting at that state
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Closure of an LTL formula ¢ — cl(¢)

" Cl(p)
= ... subformulas of ¢ and their negation

= ... subsets of cl(¢) define state space of A,,
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Ty,

Closure of an LTL formula ¢ — cl(¢)

" Cl(p)

= ... subformulas of ¢ and their negation
= Formally:

" ¢ € cl(p).

If @, € cl(@), then —¢@, € cl(p).

If =, € cl(ep), then ¢, € cl(p).

Ifp, V @, € cl(p),then o, € cl(p) and ¢, € cl(p).
IfX @, € cl(p),then @, € cl(p).

Ifp, U @, € cl(p),thenp, € cl(p)and ¢, € cl(p).
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Closure of an LTL formula ¢ — cl(¢)

" Cl(p)
= ... subformulas of ¢ and their negation

" ¢:=(=pU((Xq)Vr))
= Compute cl(p)
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Closure of an LTL formula ¢

" Cl(p)
= ... subformulas of ¢ and their negation

+ = (~pU((Xq) VD)
* cl((~pU((Xq) V1)) =

{(~pU(Xq) V7)), ~(=pU((Xq) vT)),

—p, D,
((Xq)vr),=((Xq) Vr),

(Xq), —~(Xq),
q,—q,r,r }
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Good sets in cl(g)

= S Cccl(p)isgoodincl(e) If Sis amaximal set of
formulas in cl(¢) that is consistent:

1. Forall ¢, €ecl(p): p,€ES S -, €S,

2. Forallo,Vv,eclyp) ¢o,Vp,€ES
at least one of ¢, ¢, IS In S.

The set of all good sets of cl(¢) defines the state space of A,

& 1oDo Give the state space Q of A, representing
(a Vv X_Ib)
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From LTL formula ¢ to GBA A,,

A, = (P(AP),Q,A,Q°F)
= Q< P (cl(g)) is the set of all the good sets in cl(¢p).
= Next: A

Each state of A, Is labelled with a set of properties that should be satisfied
on all paths starting at that state
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Ty,

From LTL formula ¢ to GBA A,,

A, = (P(AP),Q,A,Q° F)
* Forqgq,qg €eQando AP, (g,0,9) € Alf:
1. o = q’ Nn AP (push labels backwards)

2. Xp1 €q © @1 € ¢

3. ¢, U, €q e either ¢, € q or both
¢, €qand ¢, U, €Q

P Up, =pov (oA X(@1U@)))

Note that the last condition also means that for all =(@;U@,) € ¢l(¢@), we have that
=(@1 U@) € ¢ iff =@ € ¢ and either =@y € gor =(@; U @) € ¢.
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= (aVv X-b)

Xp, €Eq e ¢, Eq

Draw the state space and the transitions.
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Ty,
= (-hUc @1 U @, € q & either ¢, € q or both |
(,0( ) ¢1€qand ¢, U g, €Q

= ToDo;

Draw the transitions. )

8 ' 4
-((-h)Uc) (-h)Uc

h c h =-c

5
6.
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¢=(-h U c)

States 4, 6, 8 have no
outgoing edges

(=h)Uc

—-C

_|((_|h) UC)
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From LTL formula ¢ to GBA A,

A, = (P(AP),QA,Q"F)

= \What are the initial states?

Each state of A, Is labelled with a set of properties that should be satisfied
on all paths starting at that state
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l—— From LTL formula ¢ to GBA Ay

A, = (P(AP),Q,A{1},F)
= Q< P (cl(p)) u{yis the set of all the good sets in cl(¢) u {1}.

" (La,geAso@peq and o= g N AP

Each state of A, Is labelled with a set of properties that should be satisfied
on all paths starting at that state
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Ty,

From LTL formula ¢ to GBA A,

A, = (P(AP),Q,A{1},F)
= QC P (cl(p)) U{L}is the set of all the good sets in cl(¢p)
U {1}.
* (La,0eAs@peq and =g N AP
= Forevery ¢, U @, € cl(p), F includes the set
"Fp Ug,=1d€Q| 9, €qor-(p; Ug,) € q}.
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iS5 ToDo

= Whatis F?
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¢=(-h U c)

7

= F={{1,25,6,7, 8} O
- v
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Ty,

From LTL formula ¢ to GBA A,

A, = (P(AP),Q,A{1},F)
= QC P (cl(p)) U{L}is the set of all the good sets in cl(¢p)
U {1}.
* (La,0eAs@peq and =g N AP
= Forevery ¢, U @, € cl(p), F includes the set
" Fy Ug,=10EQ|p,€qor-(p; Ug,) € q}

ToDo

q
|

What is the complexity?
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From LTL formula ¢ to GBAA, ,,,
A, = (P(AP),QA{t}F) C <

= QC P (cl(p)) U{L}is the set of all the good sets in cl(¢p)
U {1}.
* (La,0eAs@peq and =g N AP
= Forevery ¢, U @, € cl(p), F includes the set
" Fy Ugp,=1a€Q|p€q0r(p; Uy, €q}.

» What is the complexity?
= A, Is always exponential in the size of ¢.
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